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NEW MANIFESTATIONS OF THE DARBOUX’S ROTATION
AND TRANSLATION FIELDS OF A SURFACE
VICTOR ALEXANDROV
Abstract. We show how the rotation and translation fields of a surface, in-
troduced by G. Darboux, may be used to obtain short proofs of a well-known
theorem (that reads that the total mean curvature of a surface is stationary
under an infinitesimal bending) and a new theorem (that reads that every
infinitesimal flex of any simply connected closed surface is orthogonal to the
surface at least at two points).
A vector field z = z(u, v) defined on a smooth surface S ⊂ R3 with a position
vector r = r(u, v) is called an infinitesimal bending of S provided that
ru · zu = 0, ru · zv + rv · zu = 0, rv · zv = 0, (1)
where · stands for the inner product of R3 and ru, rv, zu, zv stand for the partial
derivatives of the fields r and z with respect to the local parameters u and v on S.
A vector field z is called a nontrivial infinitesimal bending of S provided that z
is not a field of velocity vectors corresponding to a rigid motin of S.
A surface is called nonrigid if it admits a nontrivial infinitesimal bending.
Note that nonrigid compact boundary-free surfaces in R3 do exist and were
studied by many authors (see, e. g., [11, 13, 17] and references given there).
Any vector field z on a smooth surface S with the position vector r generates a
mapping ψ : S × (−1, 1)→ R3 defined by the formula ψ(r, t) = r + tz(r). It is an
easy exercise that the following two statements are equivalent to each other:
(i) z is an infinitesimal bending of S;
(ii) for every smooth curve γ ⊂ S, the variation of the length of γ (i. e., the
derivative with respect to t of the length of the curve {ψ(r, t) | r ∈ γ}) vanishes at
t = 0.
Our study is based on the notions of the rotation and translation fields of a
surface introduced by G. Darboux [6], see also [3, 7, 12]. The construction of the
rotation field is based on the following theorem.
Theorem 1. Let z = z(u, v) =
(
z1(u, v), z2(u, v), z3(u, v)
)
be an infinitesi-
mal bending of a smooth surface S ⊂ R3 with a position vector r = r(u, v) =(
r1(u, v), r2(u, v), r3(u, v)
)
. Then there exists a uniquely determined vector field
y = y(u, v) =
(
y1(u, v), y2(u, v), y3(u, v)
)
on S such that dz = y × dr, where ×
stands for the cross product on R3 or, equivalently, such that zu = y × ru and
zv = y × rv.
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Proof. Rewriting the equation zu = y × ru in the coordinate form
y × ru =

 i j ky1 y2 y3
r1u r2u r3u


=
(
y2r3u − y3r2u, y3r1u − y1r3u, y1r2u − y2r1u
)
= (z1u, z2u, z3u) = zu,
we may treat it as the following system of linear algebraic equations
 0 r3u −r2u−r3u 0 r1u
r2u −r1u 0



y1y2
y3

 =

z1uz2u
z3u

 . (2)
The determinant of the 3×3 matrix in (2) is equal to zero. Hence, for some right-
hand side vectors, (2) has no solutions while for the others it has more than one
solution. We find conditions for the solvability of (2) using the Fredholm alternative.
In fact, it is easy to check that the corresponding homogeneous adjacent system
 0 −r3u r2ur3u 0 −r1u
−r2u r1u 0



p1p2
p3

 =

00
0


has only one linearly indpendent solution, e. g., (p1, p2, p3) = (r1u, r2u, r3u) = ru.
Consequently, (2) has a solution if and only if ru · zu = 0. This condition is
fullfilled because of (1). Moreover, any solution y to (2) is given by the formula
y = y1+C1ru, where y1 is any particular (or “fixed”) solution to (2) and C1 is an
arbitrary constant.
Similarly, the equation zv = y× rv is solvable because rv · zv = 0 and its every
solution y is given by the formula y = y2 + C2rv, where y2 is its any particular
solution and C2 is an arbitrary constant.
Since the vectors ru and rv are not collinear, it follows that the system of
equations zu = y × ru and zv = y × rv has a unique solution y. 
Remark. From the analytical point of view the vector field y is more convenient
than z; this follows from the fact that the following statements are equivalent to
each other [5]:
(a) an infinitesimal bending z is trivial;
(b) there are constant vector fields a and b such that z = a+ b× r;
(c) y is a constant vector field.
Definition. The vector field y, whose existence is istablished in Theorem 1, is
called the rotation field of the surface S under the infinitesimal bending z. The
vector field s, defined by the formula s = z − y × r, is called the translation field
of the surface S under the infinitesimal bending z.
The rotation and translation fields were invented by G. Darboux [6], who discov-
ered a beautiful algebraic construction called “the Darboux crown”, later studied
by many authors, see, e. g., [12, 13] and the references cited therein. A briliant
application of the rotation field were found by W. Blaschke [3], who proposed the
simplest known proof of the rigidity of smooth ovaloids. Later Blaschke’s proof was
popularised by many authors, see, e. g., [5, 7]. The translation field played impor-
tant role in the study by E. Rembs [10] and R. Sauer [14], who, among other things,
have proved that a projective image of a nonrigid surface is a nonrigid surface again
(this property attracts attantion of modern geometers too, see, e. g., [8]). Among
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contemporary authors who use the rotation and translation fields we can mention
Ph.G. Ciarlet and O. Iosifescu [4].
The aim of the present paper is to show that the rotation and translation fields
of a surface may be used to obtain short proofs of a well-known Theorem 3 (that
reads that the total mean curvature is stationary under an infinitesimal bending)
and a new Theorem 4 (that reads that every infinitesimal bending of any simply
connected closed surface is orthogonal to the surface at least at two points).
We study behaviour of the total mean curvature first. If S is an oriented surface
in R3 then its total mean curvature is given by the classical formula
H(S) =
∫
S
1
2
(
κ1(r) + κ2(r)
)
dS, (3)
where κ1(r) and κ2(r) are the principal curvatures of S at the surface point r.
Similarly to (ii), the variation H ′(S) of the total mean curvature of S under the
infinitesimal bending z is given by the formula
H ′(S) =
d
dt
∣∣∣∣
t=0
H
(
ψ(S, t)
)
, (4)
where ψ(S, t) =
{
ψ(r, t) = r + tz(r) | r ∈ S, 0 6 t 6 1
}
.
Theorem 2. For every compact oriented smooth surface S in R3 and any its
infinitesimal bending z, the variation of the total mean curvature of S is equal to
the negative one half of the line integral of the rotation field y over the boundary ∂S
of S, i. e.,
H ′(S) = −
1
2
∫
∂S
y · dr.
Of course, here ∂S is oriented to be compatible with the orientation of S.
Proof. It suffice to prove Theorem 2 “locally,” i. e., for S covered by a single
chart. In particular, we may assume that S is parameterized by r = r(u, v) =(
u, v, f(u, v)
)
, (u, v) ∈ D ⊂ R2. In agreement with standard notation, we put
z = (ξ, η, ζ). Then (1) take the form
ξu = −fuζu, ξv + ηu = −fvζu − fuζv, ηv = −fvζv, (5)
and the equations zu = y× ru, zv = y× rv, defining the rotation field y, take the
form
fuy2 = ξu, −fuy1 + y3 = ηu, −y2 = ζu, (6)
fvy2 − y3 = ξv, −fvy1 = ηv, y1 = ζv. (7)
Taking into account (5), we find the followig solution to (6) and (7):
y1 = ζv, y2 = −ζu, y3 = ηu + fuζv = −ξv − fuζu. (8)
Now, direct calculations show that∫
∂S
y · dr =
∫
∂D
(y1 + fuy3) du + (y2 + fvy3) dv. (9)
Applying the Green’s theorem∫
∂D
P du+Qdv =
∫∫
D
(
∂Q
∂u
−
∂P
∂v
)
dudv
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to the right-hand side integral in (9), we obtain∫
∂S
y · dr =
∫∫
D
[
(y2u + fuvy3 + fvy3u)− (y1v + fuvy3 + fuy3v)
]
dudv.
Using (8) and the formulas ηuu = −fuuζv − fvζuv, ξvv = −fvvζu− fuζvv (that may
be obtained from (5) by means of differentiation with respect to u and v), we get∫
∂S
y · dr = −
∫∫
D
[
(1 + f2v )ζuu − 2fufvζuv + (1 + f
2
u)ζvv
]
dudv.
To conclude the proof, it remains to note that the right-hand side of the last formula
is equal to −2H ′(S), as it follows from (4) by straightforward calculations. 
Remark. In [1] the reader may find another representation of the variation of
the total mean curvature in terms of a line integral.
Theorem 3. For every compact oriented boundary-free smooth surface S in R3
and any its infinitesimal bending, the variation of the total mean curvature of S is
equal to zero.
Proof. Immediately follows from Theorem 2. 
Remark. In fact, Theorem 3 was proven by other authors in a much more
general situation, namely, for piecewise smooth hypersurfaces in multidimensional
Euclidean and Lobachevskij spaces, see [2, 15, 16]. But their proofs are much more
complicated.
Theorem 4. Let r be the position vector of a simply connected smooth surface
S ⊂ R3, let s be the translation field of S under an infinitesimal bending z of S,
and let ∆ ⊂ S be a domain with smooth boundary and compact closure. Then∫
∂∆
s · dr = 0.
Proof. It suffice to consider the case when S is parameterized by r = r(u, v) =(
u, v, f(u, v)
)
, (u, v) ∈ D ⊂ R2 and r mapsD onto ∆. As usual, we put z = (ξ, η, ζ).
Using the definition s = z − y × r and taking into account (8), we easily find
the coordinates of s = (s1, s2, s3):
s1 = ξ + fζu + vηu + vfuζu,
s2 = η + fζv − uηu − ufuζv,
s3 = ζ − uζu − vζv.
(10)
We have ∫
∂∆
s · dr =
∫
∂D
(s1 + fus3) du+ (s2 + fvs3) dv. (11)
Applying the Green’s theorem to the right-hand side integral in (11), using (10),
and taking into account the formulas ξv+ηu = −fvζu−fuζv, ηuu = −fuuζv−fvζuv,
and ηuv = −fuvζv − fvζuv, we obtain after simplifications that the function under
the sign of the double integral vanishes identically. Hence, the left-hand side in (11)
is equal to zero. 
Definition. Let r be the position vector of a point of a connected, simply
connected surface S in R3. Let s be the translation field of S under an infinitesimal
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bending z. By definition, put
ϕ(r) =
∫
γ
s · dr, (12)
where γ ⊂ S is any smooth curve with the start point r0 and finish point r (r0 is
supposed to be an arbitrary “fixed” point of S).
Remark. It follows from Theorem 4 that the above definition is consistent, i. e.,
as soon as r0 is fixed, the value ϕ(r) is defined correctly, in particular, it does not
depend on the choise of γ. Of course, the line integral in (12) can be treated as
work of the vector field s along the curve γ. Thus, Theorem 4 reads that s is a
potential field and ϕ is its potential function.
A simple consiquence of the existence of the potential function ϕ : S → R is
given by the following theorem.
Theorem 5. For every simply connected compact boundary-free smooth surface
S ⊂ R3 and every its infinitesimal bending z, there are at least two distinct points
where z is orthogonal to S.
Proof. We prove that, on every connected component of S, the two points under
study are the points where the potential fuction ϕ attains its maximum or minimum.
Let A ∈ S be a point where ϕ attains a local extremum. Choose a special
coordunate system around A such that r = r(u, v) =
(
u, v, f(u, v)
)
, (u, v) ∈ D ⊂
R
2, r(0, 0) = A, and f(0, 0) = fu(0, 0) = fv(0, 0) = 0. Since
ϕ(r) =
∫
s · dr =
∫
(s1 + fus3) du + (s2 + fvs3) dv,
it follows that ϕu = s1 + fus3 and ϕv = s2 + fvs3. Now if we recall (10), we
get ϕu(0, 0) = s1(0, 0) = ξ(0, 0) and ϕv(0, 0) = s2(0, 0) = η(0, 0). On the other
hand, ϕu(0, 0) = ϕv(0, 0) = 0. Thus ξ(0, 0) = η(0, 0) = 0 and the vector field z is
orthogonal to S at A. 
Remark. One may be tempted to consider Theorem 5 as a special case of theo-
rems about zeros of Killing vectors fields (i. e., infinitesimal isometries of Riemann-
ian manifolds) proved by S. Kobayashi [9]. However this is not correct, because, in
general, a field of infinitesimal bending of a surface S ⊂ R3 neither is a tangential
vector field on S nor generates a Killing field on S in any natural way.
References
[1] V.A. Alexandrov. On the total mean curvature of a nonrigid surface. Sib. Math. J., 50(5):757–
759, 2009. Available at arXiv:0812.0053v1 [math.DG].
[2] F. Almgren and I. Rivin. The mean curvature integral is invariant under bending. In The
Epstein Birthday Schrift, volume 1 of Geom. Topol. Monogr., pages 1–21 (electronic). Geom.
Topol. Publ., Coventry, 1998. Available at arXiv:math/9810183v1 [math.DG].
[3] W. Blaschke. U¨ber affine Geometrie. XXIX: Die Starrheit der Eifla¨chen. Math. Z., 9:142–146,
1921.
[4] Ph.G. Ciarlet and O. Iosifescu. A new approach to the fundamental theorem of surface theory,
by means of the Darboux—Valle´e—Fortune´ compatibility relation. J. Math. Pures Appl. (9),
91(4):384–401, 2009.
[5] S. Cohn-Vossen. Flexibility of surfaces in the large (in Russian). Uspekhi Mat. Nauk, 1:33–76,
1936.
[6] G. Darboux. Lec¸ons sur la the´orie ge´ne´rale des surfaces et les applications ge´ome´triques
du calcul infinite´simal. Tome IV: De´formation infiniment petite et repre´sentation sphe´rique.
Gauthier-Villars, Paris, 1896.
6 VICTOR ALEXANDROV
[7] N.V. Efimov. Qualitative problems of the theory of deformation of surfaces (in Russian).
Uspekhi Mat. Nauk, 3(2):47–158, 1948.
[8] I. Izmestiev. Projective background of the infinitesimal rigidity of frameworks. Geom. Dedi-
cata, 140:183–203, 2009. Available at arXiv:0804.2694v2 [math.MG].
[9] S. Kobayashi. Transformation Groups in Differential Geometry. Springer, Berlin, 1972.
[10] E. Rembs. Unverbiegbare offene Fla¨chen. Sitzungsberichte Akad. Berlin, pages 123–133, 1930.
[11] Yu.G. Reshetnyak. On nonrigid surfaces of revolution (in Russian). Sib. Mat. Zh., 3(4):591–
604, 1962.
[12] I.Kh. Sabitov. Local structure of Darboux surfaces. Sov. Math., Dokl., 6:804–807, 1965.
[13] I.Kh. Sabitov. Local theory on bendings of surfaces. In Geometry III. Theory of Surfaces,
volume 48 of Encycl. Math. Sci., pages 179–250. 1992.
[14] R. Sauer. Kru¨mmungsfeste Kurven bei einer infinitesimalen Fla¨chenverbiegung. Math. Z.,
38:468–475, 1934.
[15] J.-M. Schlenker and R. Souam. Higher Schla¨fli formulas and applications. Compos. Math.,
135(1):1–24, 2003.
[16] R. Souam. The Schla¨fli formula for polyhedra and piecewise smooth hypersurfaces. Differ.
Geom. Appl., 20(1):31–45, 2004.
[17] D.A. Trotsenko. Nonrigid analytic surfaces of revolution. Sib. Math. J., 21(5):718–724, 1980.
Sobolev Institute of Mathematics, Koptyug ave., 4, Novosibirsk, 630090, Russia and
Department of Physics, Novosibirsk State University, Pirogov str., 2, Novosibirsk,
630090, Russia
E-mail address: alex@math.nsc.ru
